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Given an ordered set, several topologies can be defined on the underlying set by means
of the ordering. In this paper, we introduce two of these topologies: the right topology and
the left topology. We also give an introduction to Kolmogoroff spaces. The text is in fact an
organized composition on tasks assigned in Exercise 2 of the section §1 in Chapter I of the
volume on General Topology by BOURBAKI [1].

The paper is divided into four sections. The first section gives the respective definitions
of the right topology and the left topology, as well as some of their features. The second
section is devoted to the presentation of the Kolmogoroff spaces. We shall see that the left
and right topologies form an important source for Kolmogoroff spaces. In the third section,
we show that an ordering can be defined on any Kolmogoroff space, and that the given
topology on the Kolmogoroff space is identical with the right topology determined by this
ordering, in some cases. The fourth section discuss nature of isolated points in Kolmogoroff
spaces. In particular, we will establish a noteworthy consequence of the lack of isolated
points in a Kolmogoroff space.

Before getting to the heart of the matter, we recall that a set B of subsets of a topological
space X is said to be a base of X (or a base of the topology on X) if the open subsets of
X are the unions of sets belonging to 5.

We also recall without proof two useful results on the bases of topology.

Proposition 1.

Let 95 be a set of subsets of a topological space X. Then the following statements
are equivalent:

(1) B is a base of the topology on X.

(2) For each z € X, the set of B € B such that z € B is a fundamental system of
neighborhoods of z.

(3) A set U is an open subset of X if and only if, for any = € U, there is a set
B e B such that e Bc U.



Proposition 2.

Let X be a set. A subset B of Z(X) is a base of a topology on X if and only if the
following conditions are satisfied:

(1) X is the union of B.

(2) For each pair (A, B) of sets of B, if x € A n B, then there exists a C' € 9B such
that rte C < An B.

1. The right topology and the left topology

In an ordered set X, the closed interval unbounded on the right with left-hand endpoint
x € X is the set denoted by [z, — [ and defined by

o~ [={ye X | 2 <y}.

The closed interval unbounded on the left with right-hand endpoint x € X is the set denoted
by | <, z] and defined by

J ol ={ye X | y<a}.

1.1. The right topology

Proposition 3.

Let X be an ordered set. Then the set of intervals [z, — [, where x runs through X,
is a base of a topology on X; this topology is called the right topology on X.

Proof :

Let B = {[x, —[| xze€ X}. By the definition of intervals, the inclusions {z} < [z,— |
and [z, — [ X hold for each x € X. This implies

X:U{{x} | xeX}CU{[x,—»H weX}:U%
U‘BzU{[m,—»H a:eX}c X.

Therefore X = [ JB. We now consider two elements a and b of X. If z € [a,— [n[b,— [
and y € [z, — [, then a < x and b < z, while x < y. By the transitivity of the order relation
on X, this yields a < y and b < y. Thus [z, — [< [a,— [n[b, — [. We thus have established
that, for every pair (A, B) € B x B, if x € A n B, then there exists a C' € B such that
x € (C c An B. Hence B is a base of a topology on X, by Proposition 2l [l

and



The following Proposition M reveals two noteworthy features of the right topology.

Proposition 4.

In the right topology on an ordered set X, any intersection of open sets is an open
set, and the closure of any singleton {x} is the interval | <, z].

Proof :

Let O be the set of open subsets of the ordered set X endowed with the right topology.
We also consider a subset 2 of O. Let x be a point of (2. Then x € A for each A € 2,
and so there is a point a in X such that x € [a,—> [ A. Moreover, z € [a,— | implies
[z,— [< [a,— [, by the transitivity of the order relation on X. Therefore [z, — [c A for
each A € 2, and so [z, — [ [ 2. Hence ()2 is a neighborhood of each of its points, that
is, A € O.

Let = be a point of X. We first consider a point y of the closure of {z}. Then each
neighborhood of y meets {z}; in particular, [y, — [n{z} # 0. Therefore z € [y, — [, that
is, y < x. Thus y €] <, z]. Hence the closure of {x} is contained in the interval | <, x].
Conversely, we consider a point z €] «, z] and a neighborhood V' of z. Then there exists
an a € X such that z € [a,— [ V. Therefore [z, [ V. Since z < =z, it follows that
z eV and {z} nV = {x}. Thus every neighborhood of z meets {z}, and so any point z of
the interval | <, x] is in the closure of {x}. Consequently, {x} =] «,z]. O

1.2. The left topology

Proposition 5.

Let X be an ordered set. Then the set of intervals | «<—, z], where x runs through X,
is a base of a topology on X; this topology is called the left topology on X.

Proof :

Let B = {] —z]| ze X}. By the definition of intervals, the inclusions {z} ]| «, ]
and | <, z] € X hold for each x € X. This implies

X=U{{x} | :EEX}CU{] —, x| xeX}zu%
U%:U{] ] | :):GX}C X,

Therefore X = | JB. We now consider two elements a and b of X. If z €] <, a]n] <, b] and
y €] <, z], then y < z, while < a and = < b. By the transitivity of the order relation on
X, this yields y < a and y < b. Thus | <, z] <] «,a]n] «,b]. We thus have established
that, for every pair (A, B) € B x B, if x € A n B, then there exists a C' € B such that
xe(C c An B. Hence B is a base of a topology on X. O

and



The following Proposition [Bl gives two noteworthy features of the left topology.

Proposition 6.

In the left topology on an ordered set X, any intersection of open sets is an open set,
and the closure of any singleton {z} is the interval [z, — [.

Proof :

Let O be the set of open subsets of the ordered set X endowed with the left topology.
We also consider a subset 2 of O. Let x be a point of (2. Then xz € A for each A € 2,
and so there is a point a in X such that z €] «,a] < A. Moreover, x €] «,a] implies
| <=, z] €] <, a], by the transitivity of the order relation on X. Therefore | <, z] < A for
each A €2, and so | «,z] < (2. Hence ()2 is a neighborhood of each of its points, that
is, A € O.

Let 2 be a point of X. We first consider a point y of the closure of {z}. Then each
neighborhood of y meets {z}; in particular, | <, y] n {x} # 0. Therefore x €] <, y], that
is, z < y. Thus y € [z, — [. Hence the closure of {x} is contained in the interval [z, — [.
Conversely, we consider a point z € [z, — [ and a neighborhood V of z. Then there exists
an a € X such that z €] «,a] < V. Therefore | «, 2] < V. Since x < z, it follows that
z eV and {z} n'V = {x}. Thus, every neighborhood of z meets {z}, and so any point z of
the interval [z, — [ is in the closure of {z}. Consequently, {x} = [z, — [. O

2. Kolmogoroff spaces

Definition 1.

A topological space X is said to be a Kolmogoroff space if it satisfies the following
condition: given any two district points  and z’ of X, there is a neighborhood of
one of these points which does not contain the other.

Two classes of Kolmogoroff spaces are given by the Propositions [7l and [8 below.

Proposition 7.

An ordered set with the right topology is a Kolmogoroff space.

Proof :

Let z et 2’ be two distinct points of an ordered set X endowed with the right topology.
We assume that each neighborhood of z contains z’ and each neighborhood of 2’ contains
. This means 2 € {2/} and 2’/ € {x}. By Proposition @ on page[ it follows that x €] «, 2']
and 2’ €] <, z], that is, x < 2’ and 2’ < 2. Thus x = 2’: a contradiction of the hypothesis.
The assumption is therefore false. Hence, there is a neighborhood of x which does not




contain x’ or a neighborhood of 2’ which does not contain z. Consequently, the ordered set
X endowed with the right topology is a Kolmogoroff space. (Il

Proposition 8.

An ordered set with the left topology is a Kolmogoroff space.

Proof :

Let z et 2’ be two distinct points of an ordered set X endowed with the left topology. We
suppose that each neighborhood of z contains x’ and each neighborhood of 2’ contains .
This implies z € {z'} and 2/ € {z}. By Proposition [ on page [ it follows that z € [z, — |
and 2’ € [x,— [, that is, 2’ < x and x < 2’. Thus 2’/ = x: a contradiction of the hypothesis.
The assumption is therefore false. Hence, there is a neighborhood of x which does not
contain z’ or a neighborhood of 2’ which does not contain z. Consequently, the ordered set
X endowed with the left topology is a Kolmogoroff space. O

3. An order relation defined by a Kolmogoroff space

Kolmogoroff spaces can be regarded as topological spaces with a “weak” separation aziom.
This separation axiom suggests a binary relation on the underlying set. We will show that
this binary relation is in fact an order relation, which, in a particular case, can determine
the given topology on the Kolmogoroff space.

Proposition 9.

Let X be a Kolmogoroff space. Then, an order relation < is defined on X by z < 2/
if € {z/}. Moreover, if, in the topological space X, every intersection of open sets
is an open set, then the given topology on X is identical with the right topology
determined by the ordering <.

Proof :

Reflexivity: Since each subset is contained in its closure, for every x € X, we have
x € {x} c {z}, and so z < x.

Anti-symmetry: Let x and 2’ be points of X such that » < 2’ and 2’ < z, that is,
z € {2’} and 2’ € {z}. Then every neighborhood of = contains z’ and every neighborhood
of 2/ contains z. It follows that = = 2/, since X is a Kolmogoroff space.

Transitivity: Let x, y and z be points of X such that ¢ < y and y < z, thatis, z € @ and
Y€ m Then every neighborhood of x contains y and every neighborhood of y contains z.
Now we consider a neighborhood V of x. Then there is an open neighborhood U of x such
that x € U < V. Thus y € U, and so U is a neighborhood of y. It follows that z € U < V.
Hence z is contained in every neighborhood of x. This implies = € {7}, that is, = < z.



The pair (X, <) is thus an ordered set.

We now assume that, in the topological space X, every intersection of open sets is an
open set.

Let U be an open subset of the Kolmogoroff space X and z € U. If y € [z,— [, that
is, x € {y}, then every neighborhood of x contains y; in particular, y € U. Therefore
z € [z,— [c U for any x € U. Thus

U=U{[x,—>[ | er}.

Hence each open subset of the Kolmogoroff space X is a union of closed intervals, unbounded
on the right, of the ordered set (X, <).

We now consider a point x € X and the set 2 of all open neighborhood of z. If y € [,
then every neighborhood of x contains y, since 2 is a fundamental system of neighborhoods
of z; and so z € {7}, that is, z < y. Conversely, if y € [z,— [, then y belongs to each
neighborhood of x; in particular y € (2. Hence [z, — [= (2. It follows that each interval
[z, — [, where z € X is an open subset of the Kolmogoroff space X, since every intersection
of open sets is an open set.

Consequently, the given topology on X is identical with the right topology determined
by the ordering <. O

4. A consequence of the lack of isolated points in a Kolmogoroff
space

Definition 2.

Let X be a topological space and A a subset of X. A point x € A is said to be an
isolated point of A if x has a neighborhood which contains no point of A except
x; this is equivalent to saying that there exists an open subset U of X such that
U n A = {z}, that is, the singleton {z} is an open subset of the subspace A.

Clearly, any point x of X is an isolated point of the singleton {z}. Moreover, a point x
is isolated in the whole space X if and only if the singleton {z} is an open subset of X.

In Kolmogoroff spaces, isolated points of finite subsets can be characterized by means of
the order relation introduced in Proposition [ above.

Proposition 10.

Let X be a Kolmogoroff space. Then, an element of a non-empty finite subset F' is
an isolated point of F' if and only if it is a maximal element of F' with respect
to the order relation < defined on the underlying set of the Kolmogoroff space X.



Proof :

By the definition of Kolmogoroff spaces, given any two distinct points  and z’ of X,
we have x ¢ m or ' ¢ m Moreover, by Proposition [@, an order relation < is defined by
x < 2’ if x € {a'}. Therefore, given any two distinct points z and 2’ of X, we have z £ 2’
or 2/ & x, that is, the pair {x, 2} has a maximal element.

Now, let F' be a non-empty finite subset of X. By Definition 2] an a € F' is an isolated
point of F if and only if there is a neighborhood V of a such that V n (F\{a}) = 0, that is,

a ¢ F\{a}. Since

F\faj= |J = {J M}

be F\{a} be F\{a}
this is equivalent to a ¢ {b} for each b € F\{a}. In other words, a £ b for each b € F\{a}.
This means that the element a is maximal in F'. O

So, to prove that a subset of a Kolmogoroff space has an isolated point, it suffices to
show that it possesses a maximal element with respect to the order relation defined in
Proposition [@ above. We use this principle in the proof of the following result.

Proposition 11.

If X is a Kolmogoroff space, then every finite non-empty subset of X has at least one
isolated point.

Proof :

Let X be a Kolmogoroff space. Clearly, each singleton contained in X has a maximal
element. Also, we saw in the proof of Proposition [I0 that any pair of distinct points of X
has a maximal element.

We now consider an integer n > 1 and assume that every non-empty subset of X, with
a cardinal lower or equal to n, has a maximal element. Let F' be subset of X such that
card(F') = n + 1. We pick a b € F. Then, by the assumption, the subset F\{b} has a
maximal element a. Thus a ¢ x for each x € F\{a}. Further, since a # b, we have a £ b or
b £ a.

First case: Let a £ b. Then a ;{ x for each z € F'; and so a is a maximal element of F'.

Second case: Let b & a and set
E=[b,—>[mF={xeF| ng}.

Then a ¢ E, and so card(F) < n. By the assumption, it follows that F has a maximal
element c. We now suppose that there is an x € F\{c} such that ¢ < z. Then, from b < ¢,
we get by transitivity b < x, that is x € E; this contradicts the maximality of ¢ in E. The
supposition is thus false. In other words, ¢ £ x for each x € F\{c}. Hence ¢ is a maximal
element of F'.

We so have shown by induction that every non-empty finite subset of X has at least one
maximal element, that is, at least one isolated point. O



Alternate Proof (without the use of the order relation) :

We shall prove by induction on the cardinal of F' the following property (P): for every
non-empty finite subset F' of X, there are a point a € F' and a neighborhood V of a such
that V n F = {a}.

The property (P) is certainly true if card(F') = 1; indeed, for each point a in X and any
neighborhood of a, we have V' n {a} = {a}.

We now assume that the property (P) is true for each non-empty finite subset of X whose
cardinal does not exceed an integer n > 1. Let F' be a non-empty finite subset of X such
that card(F) = n+ 1. We take a point b € F'. Then, by the induction hypothesis, there is a
point a € F\{b} and a neighborhood U of a such that U n (F\{b}) = {a}. Moreover, since
a # b, there exists a neighborhood V,, of a such b ¢ V,, or an open neighborhood V;, of b such
that a ¢ V}.

First case: There exists a neighborhood V, of a such b ¢ V,. Then U n'V, is a neighbor-
hood of a, and
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Second case: There exists an open neighborhood V4 of b such a ¢ V. Then, we have
beVynF c F\{a}, and so 1 < card(V, n F') < n. Therefore, by the induction hypothesis,
there is a point ¢ € V, n F' and an neighborhood W of ¢ such that W n (V, n F') = {c¢}, that
is (W W) nF = {c}, where W n V} is a neighborhood of ¢, since V; is an open subset of
X containing c.

We so have shown by induction that, for every non-empty finite subset F' of X, there are
a point a € F' and a neighborhood V of a such that V n F' = {a}. In other words, every
finite non-empty subset of X has at least one isolated point. O

We are now equipped to prove a consequence of the lack of isolated points in a Kolmogoroff
space, as announced in title of the section.
Proposition 12.

If a Kolmogoroff space X has no isolated point, every non-empty open subset of X
is infinite.
Proof :

Let X be a Kolmogoroff space with no isolated point. We assume that there is a non-
empty open subset F' which is finite. Then, by Proposition [[1] above, F' has an isolated



point a. Therefore, there is an open neighborhood U of a such that U n F' = {a}, and so the
singleton {a} is an open subset of X, that is, a is an isolated point of X; this contradicts
the hypothesis. The assumption is thus false. Hence, every non-empty open subset of X is
infinite. [l
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