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In this note, we give a necessary and sufficient condition for the continuity of a charac-
teristic function from a topological space into the Sierpinski-space.

1. The characteristic function

We set 2 = {O, 1} and recall that the characteristic function of a subset A of a set X is
the function denoted by x4, from X into 2, defined by

{ 1if ze A,

) =
xa(@) 0 if z e X\A.

To prove that the function v : 2(X) — 2%, given by v(A) = x4, is a bijection, we will
exhibit its inverse function.

Proof :
A function § : 2% — (X)) is defined by 6(f) = f~1({1}), where
Ff) ={zeX : f(2) =1}

is the inverse image of the subset {1} by f. We shall show that ¢ is the inverse image of ~,
that is, y o = idgx et 6 oy = idp(x).

Firstly, let f be a function from X into 2. Then (y o 8)(f) = A(f~'({1})) = xs-1(q1y)-

However,
1if ze f~1({1}), 1if f(x) =1,
Xy ) = { 0 if 2 e X\f1({1}), } - { 0 if f(z) =0, } = /@)

for each z € X. Therefore (yo §)(f) = f for all f € 2%, that is, y0 6 = idyx.

Secondly, let A be a subset of X. Then (§ o y)(A) = d(xa) = x4 ({1}) = A. Thus
(607)(A) = A for each A e Z(X), that is, 6 oy = idp(x)- O



2. The Sierpinski-space

Let X be a set, and A a subset of X. It is easily shown that any intersection of members of
T = {(Z), A X } is always a member of ¥. The same holds for every union of members of ¥.
Therefore, the set € = {@, A X } is a topology on X. It is called the topology generated
by A.

In particular, the set 2 = {@, {1}, 2} is a topology on 2. The topological space (2,%2) is
called the Sierpinski-space.

3. On the continuity of the characteristic function

We recall that a function f : (X,90) — (X', 9’) between two topological spaces is contin-
uous if, and only if, f~1(U’) € O for all U’ € O'.

Let (X, 9) be a topological space. Then the characteristic function
XA (X’D) - (Z’Ql)

of a subset A of X is continuous if, and only if, A € O.

Proof :

Assume that the characteristic function y4 is continuous. Then x;*({1}) € ©O, since
{1} e 2. But, x;'({1}) = A. Therefore A € O.

Conversely, suppose that A € O, that is, x;*({1}) € O. Clearly, x;'(0) = 0 € O et
X1'(2) = X € O. Tt follows that ;' (V) € O for each V € . Thus, the characteristic
function x4 is continuous. O
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