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An exercise on the characteristic function and

the Sierpinski-space

We set 2 “
 

0, 1
(

, and recall that the characteristic function of a subset A of a set

X is the function denoted by χA, from X into 2, defined by

χApxq “

#

1 if x P A,

0 if x P XzA.

(i) Verify that the function γ : PpXq Ñ 2X , from the power set of X into the set of all

functions of X into 2, given by γpAq “ χA, is a bijection.

(ii) Given a set X and a subset A of X, show that the set T “
 

∅, A, X
(

is a topology

on X. In particular, the set A “
 

∅, t1u, 2
(

is a topology on 2. The topological space

p2,Aq is called the Sierpinski-space.

(iii) Let pX,Oq be a topological space. Prove that the characteristic function

χA : pX,Oq Ñ p2,Aq

of a subset A of X is continuous if, and only if, A P O.
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